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Abstract. Suppose that E and E' denote real Banach spaces with the same 
dimension at least 2. The main aim of this paper is to show that a domain D 
in E is a -0-uniform domain if and only if D\Po is a ^-uniform domain, and a 
domain D in E is a uniform domain if and only if D\Pd is also a uniform domain, 
where Pd denotes a countable set in D with the property that the quasihyperbolic 
distance between each pair of distinct points in it has a lower bound greater than 
\ or equal to \. 

u 

1. Introduction and main results 

The quasihyperbolic metric of a domain in a metric space was introduced by F. W. 
Gehring and his students B. Palka and B. Osgood in the 1970's [2, 3] in the setup of 
the Euclidean space 1R™, n > 2. Since its first appearance, the quasihyperbolic metric 
has become an important tool in geometric function theory and in its generaliza- 
tions to metric spaces and to Banach spaces [18]. Yet, some basic questions of the 
quasihyperbolic geometry in Banach spaces and even in Euclidean spaces are open. 
For instance, only recently the convexity of balls of the quasihyperbolic metric has 
been studied in [7, 8, 12, 20]. 

In this paper, we study the classes of uniform domains [11] and the wider class 
of -0-uniform domains [22] in Banach spaces and the stability of these classes of 
domains under the removal of a countable set of points. The motivation for this 
study stems from the discussions in [6, 16]. In [6], similar removability questions 
were studied for the class of John domains. We begin with some basic definitions 
and the statements of our results. The proofs and necessary supplementary notation 
and terminology will be given thereafter. 

Throughout the paper, we always assume that E and E' denote real Banach 
spaces with the same dimension at least 2. The norm of a vector z in E is written as 
\z\, and for each pair of points Zi, z% in E, the distance between them is denoted by 
\%i — %2 1, the closed line segment with endpoints z\ and z 2 by [z±, z 2 }. We always use 
B(xo, r) to denote the open ball {x G E : \x — xq\ < r} centered at xo with radius 
r > 0. Similarly, for the closed balls and spheres, we employ the usual notations 
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M(xo,r) and dM(xo,r), respectively. We adopt some basic terminology following 
closely [10, 14, 15, 16]. 

Definition 1. A domain D in E is said to be c-uniform if there exists a constant c 
with the property that each pair of points z±, z 2 in D can be joined by a rectifiable 
arc 7 in D satisfying 

(1) mm£(j[zj, z\) < cdc(z) for all z G 7, and 

(2) t{i) <c\ Zl -z 2 \, 

where £(7) denotes the arc length of 7, j[zj, z] the part of 7 between Zj and z, and 
cId(z) the distance from 2 to the boundary dD of D [11]. Also we say that 7 is a 
double c-cone arc. 

Definition 2. Let if) : [0, 00] — > [0, 00] be a homeomorphism. A domain D in E" is 
called "0- uniform if 



for all z 1} *2 e £> [22]. 

In [16], Vaisala obtained the following result concerning the removability property 
of uniform domains. In Section 2 we shall discuss the connection between these two 
notions of uniformity. 

Theorem A. ([16, Theorem 6.5]) For Xq £ E and r > 0, the domains M(xo,r), 
B(xo,r)\{xo} and E\{xq} are c-uniform domains with universal c. 

Theorem B. ([16, Lemma 6.7]) Suppose that G is a c-uniform domain in E and 
that xq G G. Then Go = G\{xq} is c^-uniform with cq = cq(c). 

In [6], the authors discussed the removability property of John domains. 

Theorem C. ([6, Lemma 6.7]) A domain D C W 1 (n > 2) is a John domain if and 
only if G = D\P is also a John domain, where P = {pi,P2, • • ■ ,Pm} C D. 

In general, when P is a countable set in a John domain D, the domain D\P need 
not be a John domain (cf. [6, Example 1.5]). This motivates us to study countable 
subsets of a domain satisfying the following quasihyperbolic separation condition. 

For a domain D in E and a fixed sequence {xj : j — 1, 2, . . . } of points in D with 
ko{xi^Xj) > I for i 7^ j, we always use the convenient notation 



The purpose of this paper is to discuss the following two problems. 

Problem 1. Suppose that D is a -0-uniform domain in E. Is it true that G = D\Pd 
is a -01-uniform domain, where ^1 depends only on ipl 

Problem 2. Suppose that D is a c-uniform domain in E. Is it true that G = D\Pd 
is a Ci-uniform domain, where C\ = C\{c)l 




P D = { Xj eD:j = l,2,...}. 
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We are now in a position to formulate our results. 

Theorem 1. A domain D in E is a ^-uniform domain if and only if G = D\Pd 
is a ifji-uniform domain, where if) = 3^i(128t) and ipi = 2 12 ip(t) for t > 0. 

As a corollary of Theorem 1, we have 

Corollary 1. A domain D in E is a c-uniform domain if and only if G = D\Pd 
is a Ci -uniform domain, where the constants c and c x depend only on each other. 

The proofs of Theorem 1 and Corollary 1 will be given in Section 3, and some 
preliminaries will be introduced in Section 2. 

2. Preliminaries 

2.1. Quasihyperbolic distance and neargeodesics. The quasihyperbolic length 
of a rectifiable arc or a path a in the norm metric in D is the number [3, 19]: 

\dz\ 



d D (z) 

For each pair of points z±, z 2 in D, the distance ratio metric ju(zi, z 2 ) between z\ 
and Z2 is defined by 

3d{zi, z 2 ) = log (l + . rj Z ) , • 

V rmn{(in(z 1 ),(ln(z2)}/ 

The quasihyperbolic distance ko{zi,Z2) between z\ and z 2 is defined in the usual 
way: 

k D (zi, z 2 ) = inf{4 D (a)}, 

where the infimum is taken over all rectifiable arcs a joining Z\ to z 2 in D. For all 
z±, z 2 in D, we have [19] 



(2.1) k D (z 1} z 2 ) >inf |log(l + 



la 



> 



, d D (z 2 ) 
log- 



d D (zi] 



mmldniz^^Diz^}, 

where the infimum is taken over all rectifiable curves a in D connecting z\ and z 2 . 
Since l{a) > \zi — z 2 \ in (2.1), for all z±, z 2 in D, we have 

(2.2) k D (zi,z 2 ) > j D (z 1 ,z 2 ). 

The following observation easily follows from (2.2) and Definition 2. 

Proposition 1. If D is ip-uniform, then the homeomorphism if} satisfies 

ifj{t) >log(l + i) 

for t > 0. 

Next, if \z\ — z 2 \ < do(zi), then we have [15], [21, Lemma 2.11] 



(2.3) k D ( Zl ,z 2 ) <log(l 





z\ - 


z 2 




dn^zx) - 


Z\ 


- z 2 \ 



In [16], Vaisala characterized uniform domains by the quasihyperbolic metric. 
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Theorem D. ([16, Theorem 6.16]) For a domain D, the following are quantitatively 
equivalent: 

(1) D is a c-uniform domain; 

(2) k D (zt, z 2 ) < d Jd(zi, z 2 ) for all z 1: z 2 e D; 

(3) k D (z 1 , z 2 ) < c\ j D (zi, z 2 ) + d for all z 1 ,z 2 e D. 

Gehring and Palka [3] introduced the quasihyperbolic metric of a domain in IR n 
and it has been recently used by many authors in the study of quasiconformal 
mappings [1, 5, 20, 22] etc and related questions [4]. In the case of domains in W 1 , 
the equivalence of items (1) and (3) in Theorem D is due to Gehring and Osgood 
[2] and the equivalence of items (2) and (3) due to Vuorinen [22]. Many of the basic 
properties of this metric may be found in [2, 15, 16]. By Theorem D, we see that 
uniformity implies ^-uniformity. 

Recall that an arc a from %\ to z 2 is a quasihyperbolic geodesic if £k D (a) = 
kD(zi,z 2 ). Each subarc of a quasihyperbolic geodesic is obviously a quasihyper- 
bolic geodesic. It is known that a quasihyperbolic geodesic between every pair of 
points in E exists if the dimension of E is finite, see [2, Lemma 1]. This is not 
true in Banach spaces [17, Example 2.9]. In order to remedy this shortage, Vaisala 
introduced the following concepts [16]. 

Definition 3. Let D be a domain in E. An arc a C D is v -neargeodesic if 
4 D (a[x, y\) < v k D (x, y) for all x,y e a. 

Obviously, a ^-neargeodesic is a quasihyperbolic geodesic if and only if v — 1. 
In [17], Vaisala proved the following property concerning the existence of near- 
geodesics in E. 

Theorem E. ([17, Theorem 3.3]) Let {zi, z 2 } C D and v > 1. Then there is a 
v -neargeodesic in D joining Z\ and z 2 . 

2.2. Quasiconvexity. 

Definition 4. We say that an arc 7 in D C E is c-quasiconvex in the norm metric 
if it satisfies the condition 

t(lf[zi, z 2 }) <c\zi- z 2 \ 

for every Z\, z 2 in 7. 

The following result is due to Schaffer [13]. 

Theorem F. ([13, 4.4]) Suppose that S is a sphere, that T is a 2-dimensional linear 
subspace in E and that the intersection S D T contains at least two points. For 
every pair {z\, z 2 } <zT D S, if 7 C T D S is the minor arc or a half circle with the 
endpoints Z\ and z 2 , then 7 is 2-quasiconvex. 

3. The proofs of Theorem 1 and Corollary 1 

We recall that D denotes a domain in E and G = D\Pe>, where Pjj C D is a 
countable set satisfying the quasihyperbolic separation condition. Before the proof 
of Theorem 1, we prove several lemmas. 
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Lemma 1. (1) If x G D, log j^t < | then M(x, \cLd(x)) contains at most one point 
ofP D ; 

(2) If x E G, < X, X as in (1), then B(x, Xd^ix)) contains exactly one point 

ofP D ; 

(3) If x E G, d^fy < X, X < jg, then M(x, Xdo(x)) contains exactly one point x i: 
in Pd which satisfies 

d G (z) = \xi - z\ 

for all z G M(x, j^doix)). 

Proof. (1) Let x G D. It follows from (2.3) that 

fci>(B(x, Xdo(x))) = sup{ v) : u, v G B(x, Xdo(x))} < 2 log < -. 

1 — A 2 

Then the hypotheses imply that (1) is true. 

(2) Let x G G with < X. Then there exists some i such that |x— Xi\ < Xdo(x). 
Hence Xi G B(x, Ado(x)) and by (1) B(x, Ac(d(:e)) cannot contain points in Po^a^}. 

Next we prove (3). By (1), M(x, ^do{x)) contains at most one point Xi of Pd- We 
see from (2) that Xi G M(x, Xdoi^x)) and Xi satisfies 

\x - Xi\ = d G (x), 

which shows for each z G B(x, j^doix)), 

d G (z) = \xi - z\. 

The proof is complete. □ 

Lemma 2. For w\, Wi G G and < fi < if W2 G B(wi, ndr>{wi)) and 
mm{d G (wi),d G (w 2 )} < %d D (wi), then 

13 

k G (w u w 2 ) < —j G {wi,w 2 ). 

Proof. Clearly, we have 

(3.1) m.ixx{d G (w 1 ),d G (w2)} < min{d G (wi), d G (^2)} + \w x - w 2 \ 

< yd D (wi). 

By Lemma 1 (3), we see that there exists some point Xi G M(wi, ^gJd(iui)) fl Pd 
satisfying 

1^2 - Xi\ = d G (w 2 ) and \w\ - Xi\ = d G (w 2 ). 
Without loss of generality, we may assume 

(3.2) mm{d G (w 1 ),d G (w 2 )} = d G (w 2 ) 

We use 11)1,1 to denote the intersection point of the closed segment [wi, Xj\ with the 
sphere E>(xi,mm{d G (wi) , d G (w2)}) ■ It is possible that w\ t \ = w±. Let T denote a 2- 
dimensional linear subspace of E passing thorough the points wi, W2 and Xi, and ojq 



the circle Tfl§(xj, mm{d G (wi), d G {w 2 )}). Then w\ t i and w 2 divide the circle ujq into 
two parts @i and f3\ t i. Without loss of generality, we may assume that £(j3i) < 
Then it follows from (3.2) that for each z G 

1 2 — Wx| < \lD\ — Xi\ + |Xj — z\ < 2fxd,D{wi), 

whence 

Pi C B(wi,2/id D (wi)), 
and so Lemma 1 yields that for each z G 

= d G (w 2 ), 

which, together with (2.3) and Theorem F, shows that 
k G (w 1 ,w 2 ) < k G (wx,w-ij) +4 G (A) 



< log 1 + 



d G (w 2 ) ) d G {w 2 ) 



d G (w 2 ) J log 3 V rf G (w 2 ) 



6 . , / Iwi — w 2 \ 
< 1 + — log 1 ' 



log 3 V d G (w 2 ) 

13 , 
< -^3g{wi,w 2 ), 

since ^z5^ < 4 and |w 2 — W\,i\ < 2|w; 1 — to 2 |. Hence the proof follows. □ 

Lemma 3. For wi G G, suppose d G (wi) = -^do(wi). If w 2 G E>(u>i, ^doiwi)), 
then 

k G (wi,w 2 ) < 2 9 k D (w 1 ,w 2 ). 

Proof. It follows from Lemma 1 that there is a unique element Xi in the intersection 
Pd H M(wi, hdoiwi)) such that 

3 

d G (w 2 ) = \w 2 - Xi\ > — ofo(wi) = 3d G (wi)- 

IZo 

Then Lemma 2 and (2.1) imply 

13 / Iwi — w 2 \ 



k G {wi,w 2 ) < ylog^l 

log (l + 



d G {wx) 
13, / 128|wi -w 2 \ 



2 V dr>(wi 
'wi - w 2 \ 



< 2 y loff 1 



d D (wi) 
< 2 9 k D (wi,w 2 ), 

which shows that the lemma is true. □ 
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Lemma 4. Let w\, w 2 G G and let 7 denote a 2-neargeodesic joining w\ and w 2 in 
D. If dc(z) > -^doiz) for each z G 7, then 

k G (w 1 ,w 2 ) < 2 8 k D (w 1 ,w 2 ). 

Proof. Obviously, we get 

k G (w 1 ,w 2 ) < 4 G (7KH)=/" ^TT<128' 



= 1284 D (7K,H) < 2 8 k D { Wl ,w 2 ). 
Hence the proof is complete. □ 

Lemma 5. Let w\, w 2 G D. If \w\ — w 2 \ > \d D {wi) (c > 2), then 

1 , . 

\w\ ~ w 2 \ > -d D {w 2 ). 

c+1 

Proof. Suppose on the contrary that 

\wi - w 2 \ < —^—d D (w 2 ). 
c+1 

Then 

c 

d D {wi) > d D (w 2 ) - \wi - w 2 \ > ——d D (w 2 ), 

c+1 

which shows that 

\wi - w 2 \ > -d D (wi) > — —d D (w 2 ). 
c c+1 

This is the desired contradiction. □ 



3.1. The proof of Theorem 1. First we prove the sufficiency Suppose that G is 
a ■i/'i-uniform domain. Then we shall prove that for z\, z 2 G D, 



k D {zi, z 2 ) < tp 



\z\ - z 2 \ 



,mm{d D (z 1 ),d D (z 2 )}. 

where if)(t) = 3^i(128t) for t > 0, which implies that D is a ^-uniform domain. 
Without loss of generality, we assume that 

vain{d G (zi) , d G (z 2 )} = d G (>i). 

We divide the proof into two cases. 

3.1.1. We first suppose that \z\ — z 2 \ < ^dr>{zi). 
Then it follows from (2.3) that 

\z\ - z 2 \ 



(3.3) k D (z l: z 2 ) <\og(l+ ]Zl Z2] ,) <21og(l 

V (tnUi — \Zi — Zo / V 



d D {zi) 



3.1.2. We then suppose that \z\ — z 2 \ > \d£>(zi). 
Hence by Lemma 5, we have 

(3.4) \z x -z 2 \>-d D {z 2 ). 

Case 1. d G {z 1 ) > <^d D (zi). 

Under this assumption, we have 

(3.5) *„(*,*> < k oM < 4,{^-) < *(5^f!). 

Case 2. d G (z 1 ) < ±d D (zi). 

For a proof in this case, we let u\ G S(^i, ^doizi)). Then we know 

(3.6) *„(*.«.)</ ^T<fe¥ = ^<'08-fl+ |31 "" 21 



[zi,ui] d n(z) ' 3ld D (zi) 31 V d D (zi) 



since £Zd(z) > doO^i) — \ z i — z \ > §|d.D(zi) for each z e [21, ui]. Moreover, we get 

17 

(3.7) |ti! - z 2 \ < \z t - z 2 \ + \z x - Mil < —\z\ - z 2 \, 

lb 

and it follows from Lemma 1 and the assumption u d G (zi) < ^j^d^i)" that there 
exists only one element Xi in M(z\, ^do^i)) R Pd such that d G {ui) = \u\ — Xj| and 
so 

(3.8) d D (tii) > dc(ui) = |«i - ^ | > |ui - zi| - |^i - Xj| > —d D {z 1 ). 

o4 

Subcase 1. d G (^ 2 ) > ^d D (z 2 ). 

Then by (3.6), (3.7) and (3.8), we have 

(3.9) k D (zi,z 2 ) < k D (zi,U!) + k D (ui,z 2 ) 

~ l0g ( 1 + ^j) +MUl ' Z2) 

\mm{d G {u 1 ),d G {z 2 )\/ 

< j D {z 1 ,z 2 ) + tffi(l20— 
V mi 



mm{d D (zi),d D (z 2 )} 
\z\ - z 2 \ 



< j D (zi,z 2 ) + ip 1 (l2S— 

V mm{d D {zi),d D (z 2 )} 



Subcase 2. d G (z 2 ) < A^d D {z 2 ). 
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We take u 2 G E>(z 2 , -^dD(z 2 )). It follows from Lemma 1 and (3.4) that there is 
only one element Xi in M(z 2 , ^^0(^2)) H Pd such that d G {u 2 ) = \u 2 — Xi\ and so 

(3.10) d D (u 2 ) > d G (u 2 ) = \u 2 - xi\ > \u 2 - z 2 \ - \z 2 - x t \ > ^^(^2) 
and by (3.4), we have 

37 

(3.11) I ui - u 2 \ < \zi - z 2 \ + \z\ - ui I + \u 2 - z 2 \ < —\zi - z 2 \. 
It follows from (3.4) and a similar argument as in (3.6) that 

/q 1 ry\ u , n ^ f \ dz \ ^32\z 2 -u 2 \ ( \zx-z 2 

(3.12) k D (z 2 ,u 2 )< / — — < < log 1 



^ d D (z) " 31d D (2;2) V ^0(^2) 

Then we infer from (3.6), (3.8), (3.10), (3.11), (3.12) and Proposition 1 that 

(3.13) k D (z 1 ,z 2 ) < k D (z 1 ,u 1 ) + kG(u 1 ,u 2 ) + k D (u2,Z2) 

< 2j D (zx,z 2 ) + k G {u 1 ,u 2 ) 

( l M i — u i\ \ 

< 2j D (zx, z 2 ) + ^1 ) 

\mm.{d G {ui),d G {u 2 )\J 

< 2j D (z 1 ,z 2 ) + ipi 64 . 

V mm{d JJ (2 1 ),rf I) (22)} 

< 2j D (z u z 2 ) + ^i(74 . J^'^j 7 u 

V mm{d Z) (2; 1 ),d D (z2)} 

< 3 H 74 ■ jPrYl t u )' 

V mvvL\d D {Z]),d D {z 2 ))J 

So the proof of the sufficiency follows from the inequalities (3.3), (3.5), (3.9) and 
(3.13). 

Next we prove the necessity. Suppose that D is a ^-uniform domain. Then we 
shall prove that for z\, z 2 G G, 



k G (z u z 2 )<2^( , J* 1 Z j - ), 
Vmm{d G (2;i),rf G (2;2)}/ 



which implies that G is a ^-uniform domain with ipi = 2 13 ^. 

Without loss of generality, we may assume that mm{d G (zi),d G (z 2 )} = d G (zi). 
In the following, we consider the two cases where d G (z\) < ^dn(zi) and d G (zi) > 
■^do(zi), respectively. 

3.1.3. We first suppose that d G (zi) < ^dn(zi). 

Let 7 be a 2-neargeodesic joining z\ and z 2 in D. 
Case 3. \z\ — z 2 \ < -^d D (z 1 ). 

Then by Lemma 2 and Proposition 1, we have 

Claim 1. k G (z u z 2 ) < flog (l + Jg$) < fV>(feg 
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Case 4. \z\ — z 2 \ > ^doizx). 
Then Lemma 5 implies 

(3-14) \zt-z 2 \ > ^d D (z 2 ). 

Obviously, there exists some point v\ G 7 D S(zi, ^du(^i)) such that 

1[Z2M C D\M{z 1 ,^d D (z 1 )). 

By Lemma 1, there exists some point G B(zi, ^^d(^i)) H Pd such that 

(3.15) <fe(«i) = K - a?i,i| > 777^(^1) > 7^7^d(vi), 

64 00 

since d D (vi) < d D {z\) + |zi - v x \ < ^d D (z 1 ). 
It follows from Lemma 2 and (3.15) that 

(3,6) Mzi , Kl )<H log(l + ^)<^ log(l + ^l 

Next, we divide the proof into two subcases. 
Subcase 3. d G (z) > -^do{z) for each z G 7[i>i,Z2]- 
By Lemma 4, we know 

k G (vx,z 2 ) < 2 8 k D { Vl ,z 2 ) < 2 8 £ kD { 1 [v 1 ,z 2 }) < 2 8 e kD { 1 [z 1 ,z 2 ]) 



< 2 g k D (z 1 ,z 2 ) < 2V(- 



Z\ - z 2 \ 



d G {zi) 

since D is ^-uniform, and so the following inequality easily follows from (3.16) 
Claim 2. k G (z u z 2 ) < k G (z u Vl ) + k G (v u z 2 ) < 519^ ({gff)- 

Subcase 4. There exists some point z G 7[fi, z 2 ] such that < -^do(z). 

It follows from (3.15) that there exists some point y\ which is the first point in 7 
along the direction from v\ to z 2 such that 

d G (yi) = T^oO/O- 

Then Lemma 4 shows 

(3.17) k G ( Vl , yi ) < 2 8 k D ( Vl , yi ) < 2% D {y[z u z 2 ]) 

<2 9 k D ( Zl ,z 2 )<2^( 1 -^^ 

Subsubcase 1. \z 2 — y\\ < ^doivi)- 

Then we see from Lemma 2 that 

13 , , \Vi-z 2 \ 



(3.18) k G {y 1} z 2 )< ylog(l 



min{dGf(yi),dG(^2)} 



The removability property of ^-uniform domains and uniform domains in Banach spaces 11 



Claim 3. k G {z 1 ,z 2 ) < 564^f 



21-22 



dG(zi) 

We now prove this claim. Since 



31 

d D (z 2 ) > d D (yi) - \z 2 - yi\ > —d D {y 1 ) > 31\z 2 - yi\. 



we infer from (3.14) that 

Izi — Zo\ > 

33 



, 31, 

(3-19) \zi - z 2 \ > —\yi - z 2 \ 



and by (3.18), we get 

13 / 33\zi — z 2 \ 



k G (yi,z 2 ) < — log (l 



31mm{d G (y 1 ),d G (z 2 )} 
Further, we have 

(3.20) k G (yi, z 2 ) < 35 log (l + ^7j )■ 

To prove this estimate, obviously, we only need to consider the case d G (z 2 ) > 
d G (yi). Since 

d G (z 2 ) < dd^x) + \z 2 - yi\ and \z 2 - y x \ < —d D (yi) = <id G (yi), 

we see from (3.18) that 

13 , (i , 1 2/i - z z\\ / 13, / 5jj/i - ^ 2 1 \ „ ocl . \zi - z 2 \ 



M,,,)^ 1 o g ( 1 + ^)^ 1 o g ( 1 + ^)<35 log (H 



Hence (3.20) is true. 



We come back to the proof of Claim 3. It follows from (3.16), (3.17) and (3.20) 
that 

k G (zi,z 2 ) < k G {z 1 ,v 1 ) + k G {vx,yi) + k G (yi,z 2 ) 

13, , \zi — z 2 \\ t 9 , — z 2 \\ orl ^ | ^i — ^2 



< 421ogfl + 4^U2>^ 1_ " 21 



< 564^ 



d G {zi) J V d G (zi) 
Z\ - z 2 \ 



d G (zi) 

which shows that Claim 3 is true. 
Subsubcase 2. \z 2 — y\\> ^g?d(2/i)- 

Obviously, there exists some point v 2 G 7 D S(j/i, ^doiyi)) such that 

7h,« 2 ]cD\B( 2 / 1) ^ D ( 2 / 1 )). 
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By Lemma 1, we see that there exists some point x^ 2 G Pd H B(yi, j^dr>(yi)) 
such that 

(3.21) d G (v 2 ) = \v 2 - x i>2 \ > \v 2 - 2/i | - 1 2/1 - x ii2 | 

since d£>(u 2 ) < dr>G/i) + 1 2/i - v 2 \ < %d D (y 1 ). 
Moreover, by Lemma 3, we have 

(3.22) k G { yi , v 2 ) < 2 9 k D ( yi ,v 2 ) < 2 10 k D ( Zl , z 2 ). 

If d G (z) > j7^d D (z) for each z G ■y[v 2 ,z 2 ], then Lemma 4 implies 

(3.23) k G {v 2 , z 2 ) < 2 s k D {v 2 , z 2 ) < 2 9 k D { Zl ,z 2 ), 
and thus we infer from (3.16), (3.17), (3.22), (3.23) that 

13 , ( ^ : \zi - z 2 \ 
dc(zi) 

Hence we have the following estimate. 



k G (z 1; z 2 ) < H bg (l + ^j^f) + 3 • 2 10 k D ( Zl , z 2 ). 



Claim 4. k G ( Zl ,z 2 ) < 2 12 ip( 



efe(zi) 



For the remaining case, that is, when there exists some point z G 7^2,-22] such 
that d G (z) < j^do(z), similar discussions as in Subcase 3 show that there exists 
some point y 2 G 7^2,^2] satisfying 

do{y2) = -^d D {y 2 ), 

and 

(3.24) k G (v 2 ,y 2 ) < 2 s k D (v 2l y 2 ). 

Now, if \z 2 — y 2 \ < -^do{y 2 ), then the similar reasoning as in the proof of (3.20) 
shows that 

(3.25) k G (y 2 , z 2 ) < 35 log (l + '^"J 1 ). 

Then it follows from (3.16), (3.17), (3.22), (3.24) and (3.25) that 

k G {zi,z 2 ) < k G (z u vi) + k G (vx, yx) + k G (y 1 ,v 2 ) + k G (v 2 , y 2 ) + k G (y 2 ,z 2 ) 

< 2- Mzi , Z2)+ 42.o g (l + ^). 

Hence we reach the following estimate. 

Claim 5. k G ( Zl ,z 2 )<2 n2 i;(^\y 

We assume now that \z 2 — y 2 \ > ^2^0(2/2)- Then there exists some point V3 G 
j[y 2 , z 2 ] D S(y 2 , ^d D (y 2 )) such that 

l[z 2 ,v 3 ] C D\B(y 2 ,—d D (y 2 )), 
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and the similar reasoning as in the proof of (3.22) shows that 

k G (y2,v 3 ) < 2 9 k D {y 2 ,v 3 ) < 2 10 k D {z u z 2 ). 
By repeating the procedure as above, we will reach a finite sequence of points in 

7: 

(1) {z ll v x , Vi,v 2 , 2/2, • • • , iH, z 2 } such that d G (z) > ^d D (z) for each z G j[v t , z 2 }; 
or 

(2) {zx, vx, yx,v 2 , y 2 , - ■ ■ , v t , y t , z 2 } such that \z 2 - y t \ < ±d D (y t ). 
It follows from (2.1) that 

d D ( yi ) J ~ S 32 

for each i G {1, • ■ ■ , £}, and we see that 

k D (zx,z 2 ) 



k D (yi, v i+l ) > log + pX~ ) - log ' 



* < 



log 33 



32 

For the former case, i.e., when the statement (1) as above holds, we have shown 
that 

(1) k G (zx,vx) < f log (l + Jg$) < f log (l + Jg^) ; 

(2) k G {vi,yi) < 2 8 k D (vi,yi), where % G {1, • • • , t - 1}; 

(3) ka(yi,v i+1 ) < 2 9 k D (y i ,v i+1 ), where % G {1, • • • ,t}; and 

(4) fcoK%) < 2 8 k D (v t ,z 2 ) < 2 9 k D ( Zl ,z 2 ). 
Hence we obtain 

t-i * 

ka{zi,z 2 ) < k G (zx,vx) + ^2k G (vi,yi) + '^2k G (y i _x,Vi) + k G (v t ,z 2 ) 

i=l i=2 

< y log (l + +2 8 E ?/,) + 2 9 ^ k D (y^x, Vi) 



i=l i=2 



+35 log (l + 



«i - ^2 



^g(^2) 

13, , £± — ^2 \ , / \ , nrl /'-i , Kl ~~ Z 2\ 



£ >g(l + ^)+2>°M^) + 35log(l. ^ 



which shows 



Claim 6. k G (zx,z 2 ) < 2 n ^( 



d G (zi) J' 



For the latter case, i.e., when the statement (2) as above holds, we also have 
shown that 

(1) k G (zx, vx) < f log (l + Jggf) < f log (l + Jggf) ; 

(2) fc G (v», < 2 8 k D (vi, yi), where z G {1, • • • , £}; 

(3) A; G (j/i, < 2 9 k D (yi, v i+1 ), where z G {1, • • • , t - 1}; and 

(4) M^2)<351og(l + iggf). 
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Hence we get 

t t 

k G (z 1 ,z 2 ) < k G {z x ,v 1 ) + ^k G {v i ,y i )+^k G {yi- l ,v i ) + k G {y t ,z 2 ) 



i=l i=2 
t 



< y log (l + l ^y) + 2 8 £ AfcK fc) + 2 9 Mtt-i, 
+35 log (l 



d G (zi) 
\zi - z 2 \ 



i=l i=2 



13, / 1 , #1 — %2 \\ , r.lf), / \ , oi-l ( -I i Ul — ^2 



5 T log ( x + w) + 2I ° M * , * ) + 35108 ( 1+ «W*) 

which implies 

Claim 7. ^(^ 1 ,z 2 )<2 1 V(^ 



Now we are in a position to conclude that the proof for the case d G {z\) < ^gdo(zi) 
follows from Claims 1 ~ 7. 

3.1.4. We then suppose that d G (zi) > hdr){z\). 

Case 5. \z\ — z 2 \ < \d G (zi). 

Then we have 

*,(*,*)</ #T < 2,21 " ^ 



J[ Zl ,z 2 ] d G (z) ~ d G ( Zl ) 
since d G (z) > d G {z\) — \z\ — z\ > \d G {z\) for each z E [zi,z 2 ]. Hence we have 

Claim 8. k G (z u z 2 ) < 3 log (l + JgggL). 

Case 6. |zi — z 2 \ > \d G (z\) 

Since \z\ — z 2 \ > -^d£)(zi), we know from Lemma 5 that 

(3-26) >_L^ 2 ). 

Let ft be a 2-neargeodesic joining and ^ i n -D- We divide the discussions into 
two subcases. 

Subcase 5. d G (z) > ^gdo{z) for each z E ft. 

In this case, the following inequality easily follows from Lemma 4. 

Claim 9. k G ( Zl ,z 2 ) < 2*h D (z 1 ,z 2 ) < 2<ty(Jggg l ). 

Subcase 6. There exists some point z E ft such that d G (z) < ^dn(z). 

Then it follows from the assumption u d G (zi) > gjdD^i)" that there exists point 
Pi which is the first point in ft along the direction from Z\ to z 2 such that 

d G {Pi) = ^d D {pi). 
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Then Lemma 4 shows 

(3.27) k G (z l ,p 1 )<2 8 k D (z 1 ,p 1 ). 

We consider the case where \z 2 — pi\ < ^<^£)(pi) and the case where \z 2 — p±\ > 
32^d(pi), respectively. 

Subsubcase 3. \z 2 — P\\ < ^doipi)- 
It follows from (3.26) that 

1 , / x 129, 
(3-28) \z 2 - Pi\ < —d D {z 2 ) < —^x - z 2 \ 



since d D (z 2 ) > d D (pi) - \z 2 - p x \ > %d D (pi). 



By Lemma 1, we have 



31 y ' ~ 31 

32 



d G {z 2 ) < ^-d D (pi) < Ad G (pi] 
lo 



Then we know from Lemma 2 and (3.28) that 

k G ( Ph z 2 ) < ^ log (l + ■ r h \ Pl ] f u ) < 28 log (l + , 
2 V mm{d G (2 2 ),aG(Pi)}^ \ d G {z 2 ) J 

which, together with (3.27), implies 

Claim 10. k G ( Zl ,z 2 ) < 28^ (^). 

Subsubcase 4. \z 2 — p\\ > ^^(pi). 

Obviously, there exists some point qi G /3[pi, -22] such that 

/%,* 2 ] c D\B(pi,^<fo(pi))- 

By Lemma 1, we see that there exists some point x ij3 G Pd H B(pi, ^do^i)) such 
that 

(3.29) d G (?i) = |?i - x i>3 \ > \qi-pi\- \pi - x i)2 \ 

3 1 
> i28 d ^(Pi) - 44^^)' 

since <Z D (gi) < d D (pi) + |pi - ?i| < §§d D (pi). 

Then the similar reasoning as in Subsubcase 2 in Subsection 3.1.3 implies that we 
will get a finite sequence of points in f3: 

(1) {z\,p\, qi, - ■ ■ ,p s , z 2 } such that d G (z) > -^d D (z) for each z G 7[p s , z 2 ]; or 

(2) {^i,pi,gi,--- ,Ps,g s ,^2} such that |z 2 -&| < ^ 2 d D (q s ). 

It follows from the similar arguments as in Claims 6 and 7 in Subsubsection 2 that 

Claim 11. k G { Zl ,z 2 )<2^{^). 

The proof for the case d G (zi) > ^d^(zi) follows from Claims 8 ~ 11. Hence the 
proof of Theorem 1 is complete. □ 



16 



3.2. The proof of Corollary 1. First, we prove the sufficiency. Suppose G = 
D\Pp is a ci-uniform domain. Then Theorem D implies that there exists a constant 
c[ depending only on c\ such that for all x and y in G, 

k G (x,y) < c[ j G (x,y). 

By Theorem 1, we see that for all Z\ and z 2 in D, 

( 128 1 Z\ z 2 \ \ 

k D (zi, z 2 ) < 3c[ log I 1 + . r , \ / 7 ) < 384^(2;!, z 2 ), 

which, together with Theorem D, shows that D is a c- uniform domain, where c 
depends only on c\. 

Next, we prove the necessity. Suppose that D is a c- uniform domain. Then 
Theorem D implies that there exists a constant d depending only on c such that for 
all x and y in D, 

k D (x,y) < c' j D (x,y). 
By Theorem 1, we see that for all Z\ and z 2 in G = D\Pd, 

k G (z 1 ,z 2 ) < 2 12 c'j G (z 1 ,z 2 ), 

which, together with Theorem D, shows that G is a ci-uniform domain, where c\ 
depends only on c. □ 
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